Abstract -A version of the thermodynamic perturbation theory for associative fluids with central force associative potential is developed. The theory is used to describe thermodynamic properties of the fluid of dipolar hard spheres at intermediate and low temperatures. The accuracy of the theory proposed ranges from quantitative at intermediate temperatures to qualitative at low temperatures. The liquid-gas phase diagram with the critical point located in reasonable agreement with the prediction of a recent computer simulation estimate is calculated.
transition with the critical point located at a reduced temperature T * ≈ 0.15-0.16 and reduced density ρ * ≈ 0.1. In this paper we present calculations for the liquid-gas phase diagram and for the thermodynamic properties of the fluid of dipolar hard spheres at intermediate and low temperatures using thermodynamic perturbation theory (TPT) for associative fluids with center-center type of interaction. The theory is based on the multidensity formalism developed earlier by one of the authors [12] .
Thermodynamic perturbation theory for central force associative potential. -The theory proceeds by dividing the pairwise potential energy U (12) into two pieces, an associative piece U ass (12) and a reference piece U ref (12) :
where 1 and 2 stand for the positions and orientations of the particles 1 and 2. Here U ass (12) is the part of the potential which is responsible for association and U ref (12) is the rest of the potential. According to (1) Mayer function f (12) for the total potential U (12) takes the form f (12) = f ref (12) + F ass (12),
where F ass (12) = e ref (12) f ass (12) , e ref (12) = exp[−βU ref (12) ], β = 1/k B T , f (12) = e(12) − 1, T is the absolute temperature and k B is Boltzmann's constant. The
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decomposition of the Mayer function f (12) (2) leads to the following expression for the logarithm of the grand partition function Ξ and one-point density ρ(1) in terms of the activity z:
lnΞ is the sum of all topologically distinct simple connected diagrams consisting of blackz circles, f ref and F ass bonds. Each bonded pair ofz circles has either a f ref or a F ass bond.
ρ (1) is the sum of all topologically distinct simple connected diagrams obtained from lnΞ by replacing in all possible ways one blackz circle by a whitez(1) circle labeled 1.
Herez(i) = z exp [−βU (i)], i denotes position and orientation of the particle i, and U (i) is an external field. For a uniform systemz(1) ≡ z.
As in [13] we introduce the definition of the S-mer diagrams as a diagrams containing S circles that are connected by F ass bonds. We define the oversaturated circles as circles which are incident with more than two F ass bonds. The set of all possible S-mer diagrams which appear in lnΞ, can be constructed in three steps. The first step is the generation of the subset of all possible connected diagrams with only F ass bonds. In the second step a combined bond e ref = f ref + 1 is inserted between all the circles adjacent to the same oversaturated circle. The set of all possible S-mer diagrams is generated by taking all ways of inserting a f ref bond between the pairs of circles which were not connected during the previous two steps. Now the diagrams which appear in lnΞ and ρ(1) can be expressed in terms of the S-mer diagrams: lnΞ is the sum of all topologically distinct simple connected diagrams consisting of S-mer diagrams with S = 1, . . . , ∞ and f ref bonds between pairs of circles in distinct S-mer diagrams.
The procedure for obtaining the expression for ρ(1) from lnΞ remains unchanged.
The process of filling the S-mer diagrams by the e ref bonds makes it possible to collect the diagrams, the sum of which is close to zero due to the effects of steric incompatibility [12] [13] [14] . The diagrams appearing in thẽ z expansion of the singlet density can be classified with respect to the number of F ass bonds associated with the labeled whitez(1) circle. As a result ρ(1) can be written as a sum of three terms,
where ρ k (1) for k = 0, 1 is a sum of diagrams with k F ass bonds connected to the whitez(1) circle and ρ 2 is a sum of diagrams with two or more F ass bonds connected tõ z(1) circle. The process of switching from the activity to a density expansion proceeds in the same fashion as in ref. [12] . Analyzing the connectivity of the diagrams in ρ(1) at a whitez(1) circle we have
where
and
Here c (0) is the sum of all topologically distinct simple irreducible diagrams consisting of S-mer diagrams with S = 1, . . . , ∞ and f ref bonds between circles in distinct S-mers. All circles in c (0) are black circles carrying the σ 2−m -factor if the corresponding circle is incident with m 2 F ass bonds. The circles, which are incident with more than two F ass bonds carry the factor σ 2 .
Now we are in a position to rewrite the regular onedensity virial expansion for the pressure P in terms of the above introduced densities ρ k . We have
where V is the volume of the system. One can easily verify that this expression satisfies the regular thermodynamic relation β (∂P/∂µ) =ρ, whereρ = ρ(1)d(1) and µ is the chemical potential. The corresponding expression for Helmholtz free energy A is
where N is the number of the particles in the system and Λ = is the thermal wavelength. This expression is derived using the regular thermodynamic expression for Helmholtz free energy A = Nµ − P V together with the relation
which follows from (4). Thus for the excess Helmholtz free (12) with respect to the number of associating bonds F ass and neglecting the terms with more than one associating bond we have
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Liquid-gas phase diagram for the dipolar hard-sphere fluid
where g (2) ref (12) is the reference system pair distribution function. Equality (15) together with (5) and (6) yield the following relation between the densities:
The set of the relations (13), (14) and (16) define all the quantities needed to calculate the Helmholtz free energy of the system (12), provided that the properties of the reference system are known. For a uniform system the free energy expression (12) will be simplified as
Expression (17) was derived combining (12), (13) , (14) and (16) .
The model. -We consider dipolar hard-sphere system with the following pair potential:
where U hs (r) is the hard-sphere potential and U dd (12) is the dipole-dipole potential
with µ d being the dipole moment. Here θ 1 and θ 2 denote the angles between the dipole vectors and vector, which joins the centers of the two particles and φ 1 and φ 2 are the azimuthal angles about this vector.
Description of the reference system. -Although the splitting of the potential U (12) (1) can be carried out rather arbitrarily there are some general principles which this division should follow. In particular the associative part should include the potential energy minimum. There are two equal potential energy minima of the depth −2µ
Here D is the hard-sphere diameter. These minima are responsible for the formation of the chains in the system. In addition there are twice less
3 ) at antiparallel configuration with θ 1 = θ 2 = π/2, φ 1 − φ 2 = π and r = D. The latter minima cause formation of the network connecting the chains. According to Tlusty and Safran [15] competition between chain formation and network formation defines existence of the liquid-gas phase transition in the dipolar hardsphere fluid. Since in the present version of the TPT the maximum number of F ass (12) bonds per particle equals two, the network forming minima have to be included into the reference system potential U ref (12) . To preserve the possibility of using RSH Páde approximation [1] for the reference system description, we suggest the following expression for U ref (12) :
Accordingly, for the associating potential U ass (12) we have
(23) Here n plays a role of the potential splitting parameter. For n = 0 we have that U ass (12) = 0 and U ref (12) = U hs (r) + U dd (12) . In this case our theory reduces to that developed by RSH [1] . For n → ∞ associative potential becomes equal to dipole-dipole potential (21) (U ass (12) = U dd (12) for r > D) and U ref (12) = U hs (r). Now in the frames of the present theory the system will be treated as a polydisperse mixture of the hard-sphere chains. For the intermediate values of n the energy minima at "nose-totail" configuration are included into U ass (12) and network forming minima appear in U ref (12) . In this study we have chosen n = 3. For n > 3 implementation of the RSH scheme becomes unfeasible and for n = 1, 2 an agreement between the theoretical and computer simulation results is less accurate than for n = 3.
According to the RSH scheme [1] , the Helmholtz free energy of the reference system A ref can be written using the Padé approximation:
ref is the hard-sphere contribution to Helmholtz free energy,
hs (r 12 , r 13 , r 23 )dr 2 dr 3 [11] ) and T * = 0.0816 (filled circles [5, 6] ). Present theory (solid lines), Padé approximation of RSH [1] (dashed lines) and Sear's theory [7] (dash-dotted lines).
where g (2) hs (r) is the hard-sphere radial distribution function (RDF) and dΩ denotes integration over the orientations. After the angular integration in (25) and (26) is carried out we have
hs (r)dr,
w 3 (r 12 , r 13 , r 23 )g
hs (r 12 , r 13 , r 23 )dr 2 dr 3 ,
where expressions for w 2 (r) and w 3 (r 12 , r 13 , r 23 ) are presented in the Appendix and for the triplet distribution function g
hs (r 12 , r 13 , r 23 ) we have used superposition approximation, i.e.
g (3)
hs (r 12 , r 13 , r 23 ) = g (2) hs (r 12 )g (2) hs (r 13 )g (2) hs (r 23 ).
(29) Finally for the pair distribution function of the reference system g ref (12) the following approximation was utilized:
where y (2) hs (r) is the hard-sphere cavity distribution function.
Results and discussion. -Thermodynamical properties of the dipolar hard-sphere model at hand was calculated using TPT expression for excess Helmholtz free energy (17) and Padé expression for the reference system Helmholtz free energy (24). RDF g (2) hs (r), which is needed as an input in (17) and (24), was calculated using expression due to Boublik [17] . For the internal configurational energy E, pressure P and chemical potential µ the standard thermodynamical relations
have been utilized. Here Z = βP V /N . In what follows the temperature T and density ρ of the system will be represented by the dimensionless quantities
and ρ * = ρD 3 , respectively. Predictions of the present theory for the internal energy, pressure and chemical potential at different temperatures T * and densities ρ * are shown in figs. 1-3. Our results are compared with the currently available computer simulation [3, 5, 6, 11] and theoretical [1, 7] results. The Padé approximation of RSH [1] is known to be accurate at high and intermediate temperatures.
A simple approach due to Sear [7] is expected to be quite accurate at low temperatures and low densities. computer simulation estimate for the critical temperature is T * cr,M C ≈ 0.15-0.16 [11] . For the lower temperatures and low-density region our results coincide with those of the simple approach due to Sier [7] (figs. 1 and 3). In particular both theories predict that internal energy and chemical potential are almost constant over a substantial density range, which indicates that at these densities the system behavior is similar to that of noninteracting chains. However, as the density increases TPT predictions follow the general trend of computer simulation predictions and become density dependent again. At the same time corresponding results of Sier [7] remain constant. This difference in the behavior of the theoretically predicted E and µ reflect the ability of the present TPT to account for the interaction between the chains formed in the system. We note in passing that while the energy E calculated via the MC method at T * = 0.0816, 0.18 (not shown) and 0.222 [3, 5, 6] decreases with the density increase, the corresponding internal energy calculated at T * = 0.1322 [11] remains almost constant. We believe that this is due to the inaccuracies of the computer simulations calculations. Finally in fig. 4 we present the liquid-gas phase diagram as predicted by our TPT approach, MSA and RSH theory. In addition a computer simulation estimate for the critical point [11] is also shown. According to TPT, MSA and RSH calculations the critical point is located at ρ * Conclusions. -We have developed a version of the thermodynamic perturbation theory for associating fluids with center-center type of associative potential. The theory is based on the multidensity formalism, developed earlier by one of the authors [12] . To verify the theory, we have studied the thermodynamical properties of the dipolar hard-sphere fluid in the intermediate-and lowtemperature regime. Results of the theory at intermediate values of the temperature are of the same accuracy as that of the Padé approximation of RSH [1] . At low temperatures, where predictions of the RSH approach becomes qualitatively wrong, our theory gives results which are in good qualitative agreement with the corresponding computer simulation results. This feature of the theory allows us to calculate the liquid-gas phase diagram with the critical point located in reasonable agreement with recent computer simulation estimate [11] . Extension of the theory for the systems with short-range interaction other than hard-sphere interaction (Stockmayer or hard-sphere dipolar Yukawa potentials) is straightforward and will be carried out in a subsequent paper.
Appendix. -Angular integration in (25) and (26) was carried out analytically using Maple computer algebra package. The final result reads The values of the integer numbers k i , l i and m i can be obtained from the authors upon request.
